We consider the indices of coincidence for the binomial, Poisson, and negative binomial distributions. They are related in a simple manner to the Rényi entropy and Tsallis entropy. We investigate some families of Heun functions containing these indices of coincidence. For the involved Heun functions we obtain closed forms, explicit expressions, or representations in terms of hypergeometric functions.
Introduction
Consider the general Heun equation
where a / ∈ {0, 1}, γ / ∈ {0, −1, −2, . . . } and α + β + 1 = γ + δ + ǫ. The solution u(x) normalized by u(0) = 1 is called the (local) Heun function and is denoted by Hl(a, q; α, β; γ, δ; x). For details see, e.g., [12] , [2] and the references therein.
Consider also the confluent Heun equation
where p = 0. Its solution normalized by u(0) = 1 is called the confluent Heun function and is denoted by HC(p, γ, δ, α, σ; x). For a positive integer n consider the binomial probability distribution n k x k (1 − x) n−k , x ∈ [0, 1], k = 0, 1, . . . , n, the negative binomial distribution
−n−k , x ∈ [0, +∞), k = 0, 1, . . . , and the Poisson distribution
The corresponding indices of coincidence were denoted in [5] by
If S n (x) is an index of coincidence, then R n (x) := − log S n (x) and T n (x) := 1 − S n (x) are the Rényi, respectively the Tsallis entropies of order 2.
It was proved in [5, (34) ,(60),(68)] that
G n (−x) = Hl 1 2 , n; 2n, 1; 1, 1; x ,
See also [1, (5) , (6) , (21)]. In this paper we investigate some families of Heun functions containing F n (x), G n (−x) and K n (x) as particular cases. From the general results we deduce properties of these three functions. Clearly, each property of F n (x), G n (x) and K n (x) can be translated as a property of the associated Rényi and Tsallis entropies.
In Section 2 we use the results of [3] in order to study the derivatives of some Heun functions. Our main results are concerned with the closed forms of the functions Hl 1 2 , −2nθ; −2n, 2θ; γ, γ; x and Hl 1 2 , 2nθ; 2n, 2θ; γ, γ; x which generalize the functions F n (x), respectively G n (−x). Section 3 is devoted to the representation of Hl 1 2 , q; 2q, 1; 1, 1; x in terms of hypergeometric functions, in the spirit of [9] .
In Section 4 we obtain explicit expressions of the function HC n, j + 1, 0, j + Some of the results were also presented in [1] . We need the following important formula (see line 3 in Table 2 of [4] ):
Hl(a, q; α, β; γ, δ; x) =
1
Hl(a, q − γ(α + β − γ − δ); −α + γ + δ, −β + γ + δ; γ, δ; x).
Derivatives of Heun functions
From (1) we get immediately u
The derivatives of Heun functions were investigated in [3] . Here we are interested in the case when q = aαβ.
Combining (10) with (14)- (17) from [3] we get the following result.
Proposition 2.1 With the above notation,
where
Remark 2.2 The equality of the right-hand side members of (12) and (13) is also a consequence of (9).
From Proposition 2.1 we get immediately Corollary 2.3 Let a = 1/2 and δ = γ. Then
Remark 2.4 The Heun functions in the above right-hand sides satisfy the condition of type (11), so that it is possible to express their derivatives in terms of other Heun functions.
Let k ≥ 0 be an integer and r be a real number. We shall use the notation
Theorem 2.5 Let n ≥ 0 be an integer and θ ∈ R. Then
Proof
We shall prove (16) by induction with respect to n. By using (1) it is easy to see that Hl 1 2 , 0; 0, 2θ; γ, γ; x = 1, and so (16) is verified for n = 0. Suppose that it is verified for a given n ≥ 0. Then, according to (14) we get
Taking into account the normalization at 0, it follows that
and so (16) is valid for n + 1. This concludes the proof.
Example
In particular, for θ = γ (16) yields
Corollary 2.6 Let γ and n be integers, 0 < γ ≤ n, and θ ∈ R. Then Hl 1 2 , 2nθ; 2n, 2θ; γ, γ; x = (17)
Proof
From (9) and (16) we get successively
and this proves (17).
Example
For γ = n, (17) produces Hl 1 2 , 2nθ; 2n, 2θ; n, n; x = (1 − 2x) −2θ .
Corollary 2.7
For n ≥ 1 we have
G n (x) = (1 + 2x)
Proof
To prove (18) it suffices to apply (6) and (16) with γ = 1, θ = 1/2. (19) is a consequence of (7) and (17). From (18) it is easy to obtain
Similarly, (19) leads to
(21) ( (21) is also a consequence of (20) and [5, Cor. 13] ). The following formula was established in [6] :
Moreover, according to [5, (56) ],
Starting from (22) we get easily
Comparing (18) with (24), and then (20) with (22) we obtain the following (seemingly nontrivial) combinatorial identities: (18)- (24) provide explicit expressions for the indices of coincidence F n (x) and G n (x), which are also the Heun functions Hl(1/2, −n; −2n, 1; 1, 1; x), respectively Hl(1/2, n; 2n, 1; 1, 1; −x). As mentioned in the Introduction, they can be used in order to study the corresponding Rényi and Tsallis entropies; for details see also [1] , [5] , [7] , [8] , where bounds and shape properties for F n (x), G n (x) and the entropies are obtained.
Remark 2.8 Equations

Heun functions and hypergeometric functions
Let us consider the Heun function Hl 1 2 , q; 2q, 1; 1, 1; x , which was studied also in the preceding section. The parameters α = 2q, β = 1, γ = 1, δ = 1, ǫ = 2q satisfy the condition (33) from [9] , namely
Consequently, according to [9, (35) and (36)],
and
Here q / ∈ {0, −1, . .
. . , 2 F 1 is the Gauss hypergeometric function and 3 F 2 is the Clausen hypergeometric function (see [9] ). Let q = m/2, where m ≥ 1 is an integer. We shall determine a closed form of the hypergeometric function 2 F 1 (m, 1; m + 2k + 1; x) which appears in (26).
First,
so that
Now it is a matter of calculus to find
where e n := 1 + 
In particular,
and 2 F 1 (2, 1; 3; x) = −2
Confluent Heun functions
In this section we obtain explicit expressions for some confluent Heun functions. Let γ = 0. From (2) we get u ′ (0) = −σ/γ. This fact, combined with [10, (21)], leads to
(31) According to (8) , the index of coincidence K n (x) is the confluent Heun function HC (n, 1, 0, 1/2, 2n; x).
From (8) and (31) we obtain
The main result of this section is contained in Theorem 4.1 Let n ≥ 1 and j ≥ 0 be integers. Then
Proof
As a confluent Heun function, K n (x) satisfies the following equation (see also [5, (68) (14) and (15) can be iterated and can be combined. This possibility will be exploited in a forthcoming paper. Here we offer only a sample result (see also [1, (16) (30) and (31), we get an identity, similar to (9), for confluent Heun functions. Such identities deserve a separate study.
